Let Q be a O-valued quadratic form on C m . Let N(Q) be the 2-step nilpotent group defined on R n X C m by the group law (x, u)-(x' f u') = (x + %' + 2 Im Q(u, u'), u + u') .
Then N(Q) has a faithful representation as a group of complex affine transformations of C n+m as follows: This surface is of the type introduced in [11] , and has an induced ^-complex (as described in that paper) which is, roughly speaking, the residual part (along Σ) of the ^-complex on C n+m . Since the action of N(Q) is complex analytic, it lifts to an action on the spaces E q of this complex which commutes with d b . Since the action of N(Q) is by translations, the ordinary Euclidean inner product on These are generalizations of the so-called Fock or Segal-Bargmann representations [2, 4, 10, 13] , and the representations studied by Carmona [3] . In this paper, we explicitly determine these representations and exhibit operators which intertwine the ρ q with certain direct integrals of the Fock representations. This is accomplished by means of a generalized Paley-Wiener theorem arising out of Fourier-Laplace transformation in the x (Re z) variable. Let us describe this result. For ξ e B n % let Q ξ (u, v) = <ί, Q(w, v) (u, v) = (ξ, Q(u, v) ) is nondegenerate. Given such a Q we introduce the real submanifold of C n+m :
Let N(Q) be the 2-step nilpotent group defined on R n x C m by the group law (u, u'\ u + u') .
Then N(Q) has a faithful realization in the group of complex afϊine transformations of C n+m as follows (u, v), u) , u m be coordinates for C n x C m . Then, the (restrictions of the) forms 'dU a , 9 1 ^ a ^ m form a basis for E 1 . The dual vectors U a , 1 ^ a rgj m giving a basis for A are as follows:
where Q k = 2; f c oQ and {J^α} is the basis of C m dual to the coordinates u a .
Then E q has as basis the forms {dΰ τ ; I = (i x , , i g ), with ^ < • < ί q }. Any g-f orm is written (2.6) ω = Σ' α z d%i , where 2" refers to summation only over those g-tuples in increasing order. If J is an arbitrary g-tuple, [J] will refer to the same g-tuple written in increasing order, and Sj is the sign of the permutation J~* [J] , We define the coefficients a,j of ω for unordered g-tuples by dj = ejdiji. Now, in this notation we have We now bring in Lemma I. 3.2 of [11] which relates these two complexes.
by Σ'ajdu l9 where, for functions
where ^ is the partial (in the cc-variables) Fourier transform. Here we shall introduce inner products of the spaces C co {E q ), C°° (F q ) . (Although the expressions we use to define norms could be infinite, by completion we shall mean in the following, the completion of the space of norm-finite forms.) First, we consider C m * as endowed with the standard hermitian inner product in which the set of vectors
, u m be an orthonormal basis of C m *; we shall call {u l9 , u m } an orthonormal coordinate set. The following definitions are independent of such a choice of orthonormal coordinate set.
DEFINITION. For
ω = Σ'ajdΰx in C°°(E q ), define I JI For ω = Σ'φMi in C°°(F q ), define Σ ( I jR n *XC m a δ -COHOMOLOGY ON A SIEGEL DOMAIN 197 2.14. LEMMA. If ωeC~(E q ),
we have ώeC°°(F q ) and ||ώ||J =
Proof. This is an immediate consequence of the Plancherel formula.
The following formalism (which is fairly standard; see [5, 8] ) developing the ZΛcohomology associated to the complex applies equally well to either complex. We shall make our definitions for a complex (G q , d) which refers to either one of the given complexes. In the sequel we shall distinguish between them by a subscript (b or u).
DEFINITION. The formal adjoint
is that differential operator defined by the equation
We can find the expression for ϋ by integrating by parts. For example, on E q it is given by
2.17. DEFINITION. Let L q be the Hubert space completion of (the norm finite ω in) C™ (G q Proof. We must show that ω is approximate in the W-noτm (2. 2 6 ) II-II-.-SJI-.IIW.
Since ω e H q (F), we can find a sequence ω v e C™ (F q 
Replace {ωj by a subsequence converging so fast that Σ \\<»u -ω^Hl Σ Then, for almost all ζ, the series being integrated on the right are all finite. For such a ξ, we will have the first series telescoping and the general term of the other series tending to zero. Thus {ω^ξ} converges with dω V)ξ -> 0, # e α> y>e -• 0 in L q (ξ). 
) holds. The correspondence ζ -^(u l9
, u m ) can be chosen (locally) so as to depend smoothly on ζ.
The proposition is clear. Now, we shall fix a ξ e U q , and, to keep the notation clear we shall suppress reference to this ξ 9 denoting , u) = Σ tfl^iΓ -Σ
\ τ-q\-l
We will now compute the cohomology spaces H q (ζ) following the notation and ideas of Hormander [7] .
As in §2, C Using the above integration-by-parts formula on the first term on the right, this becomes
(These are respectively the analogues of (2.1.8)' and (2.1.13) of [7] .) Proof. Let h be as introduced in Lemma 2.18, and let h£u) = h(\u\l2>). Suppose ωeC°> p has finite TΓ-norm. Let ω u = h u -ω. We shall show that ω v -*ω in the TF-norm, or, what is the same,
First of all, since h u -»l boundedly we can conclude that
, for any square integrable form θ. Now, form formulae (3.9) and (3.10) we easily conclude that 
From (a) we conclude that a z = 0 for I =£ iV. Thus (1) for almost all ξ 6 U, so ω is supported in U q . Fix ζ 0 e U qf and let N be a neighborhood of <J 0 such that we can find smooth functions u^ξ, u\ , u n (ξ, u) 19 --, v 
Representations of N(Q) on H q (Σ).
Recall the group N(Q) introduced at the beginning of §2 and its action by complex affine transformations on C n+m , as given by (2.4) . Since Σ is an orbit of N{Q), and N(Q) preserves the complex structure of C n+m , it preserves the induced CJS-structure on Σ. That is, for n e N(Q), the differential dn preserves the bundle A of holomorphic tangent vectors tangent to Σ.
given by (4.1) (n-ω)(t; p ) = We can make this explicit, referring to the coordinates of §2:
(the reason this is so simple is that the action of N(Q) is by pure translation). Since N(Q) preserves the measure dxdu on Σ, this correspondence ω-+n-ω defines an isometry of L q (Σ), as defined in (2. Since Q ξ (u, u 0 ) is holomorphic in u, this action commutes with 3. This action is isometric in the norm ( Finally, we would like to point out that the representations p(ζ) are those (in the case n = 1) found by Carmona [3] . They are irreducible, and we use Theorem 3.16 to see that. The coordinateŝ i(ί)> ' "t v m(ζ) found in that theorem are the coordinates produced by Ogden and Vagi [9] in their description of the Plancherel formula for the groups N(Q).
Theorem 3.16 describes the intertwining operator which intertwines p(ξ) with their representation π ξ . We can generalize their theorem. 
